We investigate the gravitational Higgs mechanism in the inspiraling scalarized neutron starwhite dwarf (NS-WD) binaries, whose dynamics are described by the scalar-tensor theory. Because of the difference in binding energy of NS and WD, the orbital decay of scalarized NS-WD system actually sources an emission of dipolar gravitational scalar radiation, in addition to the tensor gravitational waves, which breaks the Lorentz invariance constructed in the framework of general relativity. The resulted gravitational scalar radiation field obtains a scalar-energy-density-dependent effective mass, arising from a gravitational scalar potential that consists of a monotonically decreasing self-interactions of gravitational scalar field and an increasing exponential coupling between the scalar field and the NS/WD matter. Owing to a thin-ring-orbit effect, the gravitational interactions encoded by the massive scalar field is screened in the region of binary orbit, with high density of stars' scalar energy, which gives us the estimation for scalar masses of about 10 −21 eV /c 2 and leads to a Yulkawa-like correction to the Newtonian potential of the binary system. We demonstrate that the radiated gravitational tensor waves, propagating in the Yukawa type of potential, gain a scalar-background-dependent mass term of the order of ∼ 10 −23 eV /c 2 .
I. INTRODUCTION
Neutron star -white dwarf (NS-WD) binaries usually contain a massive recycled NS [1] [2] [3] , which results from the recycling process [4] . A massive NS tends to undergo spontaneous scalarization, which is analogous to the ferromagnetism [5, 6] . Accordingly, a nontrivial scalar configuration settles inside the NS and acts as a source for gravitational field, which contributes to a gravitational scalar interaction with its companion and induces a scalarization inside the WD [7] . Consequently, external scalar fields ϕ NS and ϕ WD appear around the scalarized NS and WD, respectively. The scalar configurations lead to modifications of the microphysics in the interiors of relativistic stars, and the binding energy, as a significant portion of the gravitational mass of the stars, is subsequently changed. The gravitational interaction between the spontaneous scalarized NS and the induced scalarized WD is enhanced, and the Newtonian gravitational interaction of the binary is modified according to [6] 
where m NS and m WD represent the masses of the NS and the WD, ω NS and ω WD denote the scalar charges of corresponding components with the definition of ω i = − ∂ ln mi(ϕi) ∂ϕi 1 [9] , G is the Newtonian gravitational constant, and r NS −WD is the orbital separation of the binary. The local Newtonian gravitational constant is accordingly modified as
which is assigned to be the effective gravitational constant of a scalarized NS-WD binary system. The second term in the bracket, ω NS ω WD , is the post-Newtonian corrections to the Newtonian binary system, and the "· · · " denotes the terms of dissipative corrections to the Newtonian dynamics that accounts for the backreaction of gravitational-wave emission.
It is well known that NS is more compact than WD. Therefore, the dependence of star masses on the scalar fields are different, which actually sources an emission of dipolar gravitational scalar radiation in a post-Newtonian inspiraling scalarized NS-WD binary [7] , with an energy fluxĖ dipole ∝ (ω NS − ω WD ) 2 . We assign the associated radiated scalar particles to be the scalarons. Observationally, the long baseline of precise timing observations for PSR J1738+0333 [8] have indicated an excess orbital decay of +2.0 +3.7 −3.6 fs s −1 , which directly translates to a constraint on deviations from the quadruple formula. The Lunar Laser Ranging experiments give the limit on dipole radiation oḟ P dipole = 1.9
+3.8 −3.7 fs s −1 .
As a result, the dynamics of a scalarized NS-WD system is governed by a gravitational scalar radiation field φ, together with the gravitational tensor metric g µν . The scalar charge of a scalarized NS-WD binary can be extracted from the behavior of the gravitational scalar field near spatial infinity [9] , i.e.
where we consider the iterative gravitational interplay between secularized NS and WD and a convergence of the external scalar fields ϕ NS and ϕ WD , and φ 0 is the asymptotic value of the gravitational scalar field. We use r to denote the distance from the center of the NS-WD binary.
As we know that the radiation of quadruple gravitational waves is a representative of the Lorentz invariance in a relativistic system described by general relativity. In a scalarized inspiraling NS-WD binary, with both dipolar gravitational scalar radiation and the quadruple gravitaional tensor radiation, the Lorentz invariance of the relativistic binary is spontaneously broken. According to the Higgs mechanism, a spontaneous symmetry breaking is essential to a generation mechanism of property "mass" for associated particles. In this work, we investigate the gravitational Higgs mechanism in post-Newtonian inspiraling scalarized NS-WD systems and demonstrate the mass generation mechanism for associated particles resulting from the Lorentz symmetry breaking. In section II, we describe the dynamics of the scalarized NS-WD binaries in the framework of scalar-tensor theory. Section III discusses the mass generation of scalarons and the effects of massive gravitational scalar field. In order to study the influence of massive scalarons on tensor gravitational waves, we consider the solutions of the gravitational scalar field outside the binary systems in section IV. The mechanism of scalar-mediated mass origin for gravitons is demonstrated in section V. Finally, we give some remarks and discussions in section VI for the gravitational Higgs mechanism in scalarized NS-WD binaries and effects in specific systems involving more massive NSs .
II. THE ACTION
The dynamics of an inspiraling scalarized NS-WD binary system, suffering from the post-Newtonian corrections, is described by a scalar-tensor theory with the action
Here, R and g are the Ricci scalar and the determinant of the metric g µν , respectively. The scalar potential V (φ) results from two interactions, i.e. the self-interactions of φ and the interactions between φ and matter fields of NS/WD. The gravitational scalar field is associated with the non-perturbative strong-field effects [5] , which contributes to a potential of the runaway form [10] that satisfies lim
. Thus, the self-interactions of gravitational scalar field, whose behavior is described by Eq. (3), lead to a monotonically decreasing potential,
where µ has the unit of mass. The NS/WD matter interacts directly with the gravitational scalar field φ through a conformal coupling of the form e −αiφ/M pl . Here, M pl ≡ (8πG) −1/2 is the reduced Planck mass. The dimensionless coupling constant
describes the measure of the coupling strength between star matter and the scalar field, whose values are usually negative in observations [11] . So the exponential coupling function is an increasing function of φ. The combined effects of self-interactions of φ described by Eq. (5) and the conformal coupling give us the form of the scalar potential V (φ) in Eq. (4),
where V (φ) is an explicit function of energy density of the stars' scalar configurations ε ϕi . The reason is that the coupling between gravitational scalar field and star matter can lead to modifications of the microphysics in the interiors of NS and WD, which results in fluctuations of external scalar fields ϕ i and gradient of scalar energy density during the orbital motion. The changes of strength for interior scalar configurations and the condensation effects in the binary orbit subsequently have influence on the gravitational scalar potential. ε ϕi depends on the masses of the stars (a function of the density for each star ρ i ) and the coupling strength between scalar configuration and components in the interior of NS/WD [6] . The second line of Eq. (4) describes the action of matter components making up the NS and the WD. In the sum over n we give the world line action for the number of any species of matter and particles consisting in the NS and the WD and we use γ n to represent the integral of the matter action along world line. The couplings of matter components inside the stars to the scalar field arise from the dependence of the masses m i on φ. The NS/WD matter couples to the gravitational tensor metric g µν via the conformal transformation e −αiφ/M pl , according to the rescaling relation,
III. THE MASS OF SCALARONS
The combined scalar potential V (φ) expressed in Eq. (6) consists of a monotonically decreasing potential (5) and a monotonically increasing interaction e −αiφ/M pl , which actually displays a minimum. By minimizing the differentiation of the scalar potential with respect to φ, i.e.
we can get the value of φ at the minimum potential φ min . Around this minimum, the gravitational scalar field acquires an effective mass, which is obtained by evaluating the second derivative of the potential at φ min ,
Equations (8) and (9) imply that both the local value of gravitational scalar radiation field φ min and the mass of scalarons depend on the local energy density of the stars' scalar configurations. It can be found, from Eq. (9), that the scalarons become more massive in a higher ε ϕi environment. Therefore, the mass mode of the gravitational scalar field propagates effectively when the ambient scalar environment displays a higher energy density. Most of the NS-WD binaries have very small orbital eccentricity of ∼ 10 −5 − 10 −6 [1] , i.e. approximate circular orbits. Accordingly, the scalarized NS and WD orbit with each other and form an orbit ring on the binary plane, with depositing scalar energy. The scalar charges of the system is given by Q = − ln ∂Mc(ϕ) ∂ϕ
, where M c (ϕ) is the reduced mass of the binary and is modified according to the couplings between NS/WD matter fields and φ [12] ,
mNS (ϕ)+mWD (ϕ) . We then assume the orbiting binary system as a ring configuration with semi-spherically symmetric boundary. The distance a from the center of the binary plane to the outer boundary of the ring configuration corresponds to the semi-separation of an NS-WD binary, which is of the order of ∼ 10 9 m [1] , and the central thickness of the orbital ring approximately equals the diameter of the WD, i.e. ∆a ∼ 2R WD ∼ 10 6 m. The motion of scalarized stars yields a deposited scalar energy of E ϕ = M c (ϕ) + . By comparing the radius of NS and WD with the separation between them, we can get ∆a a ∼ 10 −3 ≪ 1. Accordingly, the orbit of NS-WD binary can be assigned to be a thin-ring orbit. The gravitational interaction between scalarized NS and WD, encoded by a massive gravitational scalar field, typically acquires an exponential Yukawa suppression, which results in a finite range of Yukawa type of potential energy,
where the product 2α NS α WD is referred to as the interaction strength. The inverse of the interaction range λ for a Yukawa potential e −r/λ /r characterizes the mass of scalarons λ −1 ≡ m s . As a consequence of the thin-ring orbit, the gravitational scalar interaction between NS and WD is screened in an interaction range of the same order of the orbital width λ ∼ 2R W D ∼ 10 6 m. Accordingly, the corresponding mass of scalarons is estimated as
The ratio ∆a a is assigned to be the screening parameter, which can be understood as playing the role in screening the propagations of mass mode of the massive gravitational scalar field. We refer to such a screening mechanism in NS-WD binaries as the thin-ring-orbit effect.
IV. SOLUTIONS OF THE GRAVITATIONAL SCALAR FIELD
The equation of motion (e.o.m.) for the gravitational scalar field can be derived by varying the action (4) with respect to φ, which reads
where ✷ = g µν ∂ µ ∂ ν is the d'Alembert's operator. In the framework of thin-orbit-ring configuration for scalarized NS-WD binary system, with spherically symmetric semi-sphere outer boundary, we consider an infinitesimal volume elements within the orbital ring. The gravitational scalar field can be solved in a static, spherically symmetric regime. Accordingly, the e.o.m. (11) is reduced to
where the coordinates r ′ denotes the distance from the center of orbital ring for the binary. This differential equation (12) is subject to the following boundary conditions,
Here, the thickness of the orbital ring ∆a is related to φ out , φ in , and the Newtonian potential of the binary system
, which is given by [10] ∆a
In analogy with the electrostatic shield of an electronic conducting shell, the deposited scalar energy is screened and dominates in the ring orbit, and the scalar charges are distributed on the surface of outer boundary with the radius of r ′ = ∆a 2 . Therefore, the gravitational scalar field inside the ring φ in can be considered as perturbations, i.e. φ in ≪ φ out .
Aiming to investigate the influence of the massive gravitational scalar field on the propagations of gravitons, we are just interested in the solutions outside the system, i.e. solutions in the region of r ′ > ∆a 2 . By solving Eq. (12) and using the boundary conditions (13), we get the exact exterior solutions,
By considering the field density contrast φ in ≪ φ out and in the limit of thin-ring orbit ∆a ≪ a, the combination of Eqs. (14) and (15) gives the approximative solutions
V. SCALAR-BACKGROUND-DEPENDENT MASS OF GRAVITONS
Variation of the action (4) with respect to the metric gives us the following e.o.m.,
We consider the weak-field scalar and tensor perturbations, i.e. g µν = η µν + h µν , φ = φ out + δφ, as well as the small perturbative coupling σ µν = h µν − 
where we impose the harmonic gauge conditions of ∂ ν (h µν − 1 2 η µν h) = 0 and ∂ ν σ µν = 0, and the expansion of V (φ) in Taylor series about φ out is also used. ✷ η = η µν ∂ µ ∂ ν is the flat-space D'Alembertian, h = η µν h µν , and h µν = h µν − 1 2 η µν h. We then substitute the exterior approximative solutions (16) of φ into Eq. (18) and follow the gauge selection described in [13] . It is evident that the motion of gravitons has the wave solutions, with the modifications resulting from the gravitational scalar radiation [15, 16] ,
Here, we consider the plane-wave solutions of the gravitational scalar radiation
. The quantities ω, k, and A denote the frequency, the wave vector and the amplitude of tensor gravitational waves radiated from the orbital decaying NS-WD system, while those with ′ are the corresponding quantities for the gravitational scalar radiation.
Then the Klein-Gordon equation of gravitons reads
Consequently, we can find that the gravitons acquire a mass, which is expressed as
The asymptotic value of the gravitational scalar radiation field near spatial infinity φ 0 is constrained to φ max 0 10 −3 in weak-field tests, for a coupling strength of about −6 [6] . In the binary-pulsar measurements [3, 8, 17] , φ 0 is constrained to very close to zero, and it is usually to be taken as φ 0 G 1/2 = 10 −3 − 10 −5 . Because of a less compactness and relatively lower surface gravity of WD, we consider φ 0 G 1/2 = 10 −3 in NS-WD binary. Accordingly, we estimate the gravitons radiated from NS-WD binaries can acquire a mass of the order of ∼ 10 −23 eV /c 2 . From Eq. (9), the mass of scalarons is a function of energy density of stars' scalar configurations and also depends on the strength of the scalar field and the scalar coupling strength. Therefore, the value of graviton mass m g in NS-WD systems mildly varies according to the microphysics of the interior of NS/WD and intrinsic properties of the binaries.
VI. REMARKS AND DISCUSSIONS
According to Einstein's general relativity, the gravitational waves propagate at speed of light. Therefore, the gravitons have zero mass. However, the recent events of GW 150914 detected by LIGO predicted an upper limit mass of 10 −22 eV /c 2 for graviton [18] . Theoretically, the theories of massive gravity have been widely studied since Fierz-Pauli's massive spin-2 theory in 1939 [19, 20] , which suffers from some problems, such as the Dam-VeltmanZakharov discountinuity [21] [22] [23] and the existence of a ghostlike degree of freedom [24] . It has turned out that the theoretical problems involved for constructing a complete massive gravity theory are very subtle and challenging. A large of mountain efforts that dedicated to counting for the problems and the realization of a smooth theory of massive gravity [25, 26] . The Higgs mechanism for gravitons was discussed in the scenario of spontaneous symmetry breaking of diffeomorphisms through the condensation of scalar fields [27, 28] .
In NS-WD binary, a spontaneous scalarization, in analogy with the spontaneous magnetization in ferromagnet, tends to occur for the massive NS [5] , which changes the microphysics in the interior of NS and subsequently the dynamics of the system [6] . An inspiraling scalarized NS-WD binaries actually sources an emission of the dipolar gravitational scalar radiation [7] , which results in a gravitational scalar radiation field. It is the appearance of gravitational scalar radiation field and the induced gravitational scalar potential that plays the role of spontaneous breakdown of Lorentz invariance constructed in the framework of general relativity, which makes the NS-WD binary to be a natural laboratory to investigate the gravitational Higgs mechanism for associated particles [29] .
The scalar-tensor theory is then the alternative theory to general relativity that describes the dynamics of orbital decaying scalarized NS-WD binary. The effective gravitational scalar potential, consisting of a monotonically decreasing potential due to the self-interactions of gravitational scalar field and an exponential coupling between the scalar field and the NS/WD matter, contributes to an effective mass for the scalarons, which depends on the energy density of scalar configurations ε ϕi . Consequently, the scalarized NS-WD system, encoded by a massive gravitational scalar field, is subject to a Yukawa type of potential described by Eq. (10), with an interaction range of λ ∼ ∆a ∼ 2R W D ∼ 10 6 m. It is estimated that the mass of scalarons is of the order of ∼ 10 −21 eV /c 2 . While the gravitational interactions encoded by the massive scalar mode is suppressed and screened in the thin-ring orbit of the binary by the screening parameter ∆a a . The gravitational scalar field directly interacts with the NS/WD matter via a conformal coupling e −αiφ/M pl . The propagations of gravitational waves suffer from the condensation of massive gravitational scalar mode, with a Yukawa-corrected potential, in the 4-dimensional spacetime ( r and t). Accordingly, the gravitons obtain a scalar-background-dependent mass term with value of the order of 10 −23 eV /c 2 , which mildly varies with the microphysics in the interior of the stars and the intrinsic properties of the binaries.
The NS-WD binaries are relatively wide systems, whose orbital binding energy may not be sufficient to activate dynamical scalarizations. However, a relatively more massive NS usually appears [1] in the system due to a recycling process [4] . Therefore, the gravitational Higgs mechanism in NS-WD system actually results from the spontaneous scalarization of massive NS. As a consequence, the Lorentz invariance constructed in the framework of general relativity, with only quadruple radiations is spontaneously broken by an emission of dipolar gravitational scalar radiation. The spontaneous Lorentz symmetry breaking is responsible for the mass generation of associated articles, i.e. the radiated scalarons and gravitons in the process of orbital decay. The masses of scalarons and gravitons mildly vary with the environment due to the fluctuations of a compactness-dependent scalar energy density, which are thus different from the gravitational waves emitted during the last stages of inspiraling compact binary. As the magnitude of deviations from general relativity can depend non-linearly on the binding energy, the more massive NSs, e.g. PSRs J0348+0432 with mass of 1.97 ± 0.04M ⊙ and J1614-2230 with mass of 2.01 ± 0.04M ⊙ , can be more promising systems used to probe the non-perturbative strong-field deviations away from general relativity, which is qualitatively very different compared to other binary-pulsar experiments. The effect is true even for double NS binaries that have small differences on their binding energies.
A feature universal to all the forms of the massive graviton propagator is the effect of the mass on the dispersion relation, which makes the speed of the gravitational waves depend on the wave frequency ω g , i.e. v(g) 2 = c 2 (1 − ), and thus results in a time delay for the pulse signal of the radio pulsar in the system. We expect that the future experiments for electromagnetic and gravitational signal from NS-WD binaries performed by both pulsar timing and gravitational wave detectors can both test our results and provide precise gravitons mass estimates.
